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Abstract 
Symmetries of differential equations play very important role in understanding of their properties. In principle, the only systematic 
general method for finding solutions of differential equations is based on the theory of Lie group symmetries of differential equations. 
Despite of this fact, the underlying theory is relatively unknown in community of engineers. The paper describes some important 
questions concerning Lie groups in the context of differential equations that describe beams and plates on elastic foundations. 
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Nomenclature 
ix  independent variable 
uα  dependent variable 
U  vector field 
( )kU k-th prolongation of a vector field U
Di  operator of total differentiation 
Greek symbols 
ε  parameter of group 
Subscripts 
i  partial derivative with respect to variable ix
ε  parameter of group  
* Corresponding author. Tel.: +421-055-602-2920 . 
E-mail address: jozef.bocko@tuke.sk . 
Available online at www.sciencedirect.com
© 2012 Published by Elsevier Ltd.Selection and/or peer-review under responsibility of the Branch Offi ce of Slovak Metallurgical Society at 
Faculty of Metallurgy and Faculty of Mechanical Engineering, Technical University of Košice Open access under CC BY-NC-ND license.
Open access under CC BY-NC-ND license.
41 Jozef Bocko et al. /  Procedia Engineering  48 ( 2012 )  40 – 45 
1. Introduction 
The group theory originates from work of Galois, who applied it to problem how the various roots of a given polynomial 
equation are related to each other. The so-called finite groups were used as permutation groups and later, in connection with 
Klein’s Erlangen program the symmetry groups were applied in geometry. The application of continuous groups started 
systematically at works of the Norwegian mathematician Sophus Lie [1,2]. He had used continuous groups for description 
of properties of differential equations. The terms Lie group and Lie algebra are used in honor of this great mathematician. 
Lie groups are applied in various areas of mathematics, physics and engineering [3-13]. Very important is result of 
German’s mathematician Emmy Noether who had revealed connection between symmetries of differential equations and the 
conservation laws. In the following, the infinitesimal generators of differential equations describing beams and plates on 
elastic foundations are computed by using program for symbolic manipulation. More details can be found in [14-19]. 
2. Lie point groups of differential equations 
We start with the system of partial differential equations defined by 
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are partial derivatives.  
A Lie group is a group and manifold at the same time. For any two points a and b in the manifold, there exists a 
multiplication ab and this group operation has a continuous structure of the manifold. 
In the next we define finite transformations of independent and dependent variables by relations  
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where R∈ε is a parameter of a group. If we expand Equations (3) by Taylor series around the value 0,ε = then we have 
relations 
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Here, the substitutions 
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were used. The value 0=ε is an identity of a group. With Equations (5) the infinitesimal generator or Lie point symmetry 
vector field can be defined as 
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The k-th prolongation of a vector field U  can be written as 
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where the functions αζ
kii ...1
describe the transformations of partial derivatives of order k. These functions are determined 
from relations 
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is the operator of total differentiation with respect to the independent variable ix . The system of differential Equations (1) 
is invariant under the given one-parameter group of transformations with the infinitesimal generator ,U  if iξ  and αη  are 
computed from condition 
,0ȍ)( =vkU  (11)
where all 0ȍ =v .  
The infinitesimal generator and Lie group are connected by relation 
( ) ( ) ( ) ( )( ) ( ), . , , , , , .g eεε ε ε= = = Ux u x u x u x u x uφ ψ  (12)
Here, the Greek letter ε  does not symbolize partial differentiation according to ε . This letter is here reserved for the 
parameter of a group. 
The function f  undergoes the transformation by group element εg  in accordance with relation 
( ) ( ) ( ) ( ) ( ) ( )1 ,gε ε ε ε −= = = × ×ª º ª º¬ ¼ ¬ ¼u f x f x 1 f 1 f x$ $ $ψ φ   (13)
where 1  represents the identity function ( ) xx1 = .  
Calculation of Lie vector fields is tedious work. It involves a large amount of symbolic calculation. Fortunately, there 
exist programs for symbolic manipulations with the help of which this tedious work can be done [15,16,19].  
3. Beam under constant loading on Winkler foundation 
Beams resting on elastic foundations have been studied over the years because of their wide application in engineering. 
In our case we have a beam positioned on elastic foundation and loaded by constant uniformly distributed loading q. 
Reaction force in Winkler foundation is proportional to deformation of beam in the point of question. The transversal 
deformation of a beam can be described by differential equation  
43 Jozef Bocko et al. /  Procedia Engineering  48 ( 2012 )  40 – 45 
4
4
4
( ) 4 ( ) 0,d u x u x Q
dx
β+ − =  (14)
where ( )u x is transversal deformation of a beam at location .x   
where k is the stiffness of foundation, E is Young’s modulus of material of a beam, J  is the moment of inertia of beam’s 
cross section. For the constant Q we have relation  
.
qQ
EJ
=
There exists number of programs for solving determining equations of vector fields resulting from Equation (11). They 
work under systems Reduce, Mathematica, Maple, and so on [15-19]. In our case we have used DESOLVII [19] working 
under system Maple. For Equation (14) the program DESOLVII gives us the following Lie symmetry vector fields 
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These vector fields are infinitesimal generators of Lie groups of symmetries of differential equation of beam resting on 
elastic foundation. The Lie groups can be established from vector fields according to Equation (12). 
4. Plate under constant loading on elastic foundation 
Differential equation for deformation of plate loaded by uniformly distributed load p and resting on elastic (Winkler) 
foundation can be written as 
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where ( ),u x y  is deflection of plate at the position ( ),x y , constant 
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=
depends on foundation coefficient C and plate stiffness D for which we have relation  
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Here, E is Young modulus, v  is Poisson ratio and h is the plate thickness. Load p  is hidden in constant 
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Here again the program DESOLVII was used for solution of determining equations that correspond to the Equation (16). 
Resulting infinitesimals generators are 
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Function ( ),x yβ  is any solution of Equation (16). Vector field 1U  represents shifting in direction ,x 2U  shifting in 
direction y and 3U  represents rotation in plane .xy
The last claim results from the following application of Equation (12). For transformation of independent variable x we 
have 
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Similarly, for independent variable y we come to 
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Clearly, Equations (19) and (21) represent rotation in the plane xy by angle .ε
The behavior of plate on Pasternak foundation which include shear is described by differential equation 
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where R  is a constant. However, infinitesimal generators computed by program DESOLVII are the same as were those for 
the plate on Winkler foundation. 
5. Conclusion 
The notion of Lie group is one of the most important one in the current mathematics and physics. In the paper are analyzed 
differential equations that describe beam and plate on elastic foundations by apparatus of Lie group theory. The Lie vectors 
were computed by computer program DESOLVII. On the basis of these infinitesimal generators corresponding Lie groups 
can be generated and further properties of equations can be revealed. 
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